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Abstract. The quantum Weylgroups were intmducedby the secondauthorsome
yearsago byusing an idea of VG. Drinfeld. Wenow applythis notion to obtain a
formula for the universalquantum R-matrix of asimpleLiealgebra.

Wealso obtainsomeresultsin connectionwith Heckealgebras.

0.1. V.G. Drinfeld introducedthenotionof a quantumgroup in [2]. Themost investi-
gatedclassof quantumgroupsis the classof quantizeduniversalenvelopingalgebras

of simpleLie algebras.Many notionsof theusual theoryof simpleLie algebrashave
quantumcounterparts.In thisworksweshalldealwith aquantumanalogueofthe Weyl
group.Thisanaloguewasintroducedby thesecondauthorin [15] by meansof anidea

of V.G. Drinfeld.

We would like to remarkthat our approachis different from that in somepapersby

G. Lusztig [8], [11]. NamelywedefinequantumWeyl group as Hopf algebra(this is
important). Weare then ableto recoverLusztig’s automorphisms{2~} as {Ad4_i }
where{~}is ourquantumanalogueof simple reflections.

These{~}wereintroducedfirst in [15].
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0.2. Let us discussthemotivations. Let .9’ be a simplecomplexLie algebraand C a

correspondingLie group. WemayconsidertheWeyl group W1 asthegroupgenerated

by simplereflectionsin 9~where 9~are the Cartansubalgebrain .9’. At the same
time wecandefine W2 = N(T)/T where T isthemaximal torus.

It is knownthat W1 ~ W2 , butwewill seethat for their quantumcounterpartsthis
is notthe case.Roughlyspeakingthequantumanalogueof W1 is W1 itself, but the
quantumanalogueof W2 is whatwe callquantumWeyl group. Themainobservation

is as follows.
It is knownthatonecanchoosea subgroupW2 C N(T) which is projectedonto

W2 underthe naturalprojectionsN(T) —, N(T)/T. Let us considerthe groupal-

gebra (E W2 . It is generatedby the deltafunctions &.,~,,w E W2.Therefore,forevery
element w E 14’2 we canconstructa linearfunctionalon thealgebraof regularfunc-
tions (i:[G] suchthatf~—~f(w),Aw=w®w where Aisthecoproductinthedual

algebra (t [Q]*~ Thereis also a minimal Hopf algebraU( .9) which contains (t W2
and U(.9).

WeseethatwE ci~[G]* and A(w) = w®w,where A isthecomultiplicationin

the Hopfalgebra U [C] *~ So, thegroup algebra (E [ W2I definesthe Hopfsubalgebra
of (t [C] *, Also, we canconsidertheminimal Hopf subalgebraU( .9) c (E [C] *

containingboth (E [ W2] and theuniversalenvelopingalgebra U( .9), where .9’ =

Lie C.

0.3. Let C bea simplecomplexPoisson-Liegroupwith thePoissonbracketdefinedby
theYang-Baxtertensor

r= ~->J2XaAXn

andlet a: [Clq be thecorrespondingquantizedalgebraof functionson G (see [2],
[15],[18]). If ti” ~ (i:[G] is the quantumanalogueof theelement w E
then wecannotexpectthat A(ui’) = �s’ ® i~’. Indeed,beingis true,then iiJ(fg) =

i~’(1) ~ii’( g) , for every 1,g E Ci: [C]9. The latter equalityimplies thatHamiltonian
structureon C is degeneratedat to E W2 (forproofonepassesto limit as q —+ 1),
butthis structureis non-denegenerateat anypoint w / I . In thenextsectionweshall
try to understandwhat A (ti/) shouldbe.

0.4. We fix to andconsiderhomomorphismf(g) i—p f(g, w) of algebra a: [C] . The
shift g i—p gw isnotanautomorphismof thePoisson-Liegroup C, so f( g) i.—~ f( gw)
is not an endomorphismof Poisson-Hopfalgebra a: [C]. Neverthelessone canintro-

ducein C newPoissonstructuresuchthat g i—~ 9W is the morphismof Poissonmani-
folds (butnot of Poisson-Liegroupmorphism).Forexample,if w = w0 is theelement
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of maximallength,thenthenewbracketis definedby {f~,f2}+ = ~V(
8M fi ôvf

2 +

ôMflOvf2) where {fl,f2} = rMST(t9Mfla~,f2—&~flO~,f2) isinitialbracket(nota-
lions areas in [3]). To understandthequantumanalogueof themorphismg i—’ 9W we
definethelatterintermsof 1-cocycle ~ : .9’—~A

2.9’’p(X) = [r,A
0(X)],where

A0(x)=x®1+ I Øx (see[3]).
Werestrictourselvesto thecaseto = w0 . Herethemorphismg i.—’ gw0 corresponds

tothesubstitutionw,~(z)= ~(x)+2A0(x)r for ~x) . Itiseasytoseethatthequan-
aim analoguefor ~ ( x) is thenew comultiplicationin Uh(.

9) : A
5 (z) = A (z)R,

whereR istheuniversalR-matrix forquantizeduniversalenvelopingalgebraUh(.9).
Indeed,

A(x) —AL(x) = h(~(x)+ 2A0(z)r) + 0(h
2)

whereA,~,,is theoppositecomultiplication.Thecomultiplication A, doesnotdefine

the Hopfalgebrastructurein Uh(.9’) , but it is coassociativebecauseof theconditions
(A ®id)(R) = R’3R23,(id®A)(R) = R12R’3 (see(1.14)below).

We seethat thequantumanalogueof the morphism g s—’ g, w
0 is the coalgebra

morphism (Uh(.
9),A) —(Uh(.9),AV

0), a~aü~.

It follows that A(a)A(tii~)R= A(a)ii,~®ti,(~ i.e.

(0.1)

Similar hypotheticalformulacanbe obtainedforany ti/ thequantumanalogueof ele-

ment to E W. Forexample, A (S~)= R~(S~® ~) if S, isthesimplereflectionand

R~is theuniversalR-matrix for correspondingsl( 2)4-triples (seesection 2 below).

0.4.1.REMARK. Onecanobtain anothermotivationfor (0.1) from theequality (Ad,,, ®

Ad~0)w(x)= —~ (~d,,,~z))for every z E .9’. Hence Ad,~1mustbean antiauto-
morphismof coalgebratJh(.9

5 and(1.13)below follows from (0.1).

0.5. Let us discussthe existenceproblem for ti,’ E a: [G]. In [16] for the case

C = SL
2( ~) thequantumelementti~ wasconstructedastheGelfand-Naimark-Segal

statecorrespondingto someirreduciblerepresentationof the algebra a: [SL2( ~) ]~.It
shouldbenotedhoweverthat ti1,~ in (0.1) differs from th,~definedaboveby a factor
that belongsto quantizedCartanuniversalenvelopingalgebra. Later in [15], [17] tii

wasdefinedin a a generalcasefor anyelement to of theWeyl group.This definition
gives Coxeterrelationsfor quantizedsimple reflectiàons.9, and ~ (see[15], [17]).
The relationsS~= 1 doesnot hold,but thereis somesubstitutefor it (see[15], [16],
[61,[17] andsection2 below). It is possibleto introducethequantum analoguefor the

quantumHopf algebraU(.9) , andit’s impossiblefor theHopf algebra~[W2] (see
[15] andsection2).
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0.6. HerewediscusstherelationbetweenquantumWeyl group and universal R-ma-

trices. Thegeneralconstructionforquantum R-matrix of quantizedsimpleLie algebras
isgivenin [2], section13. As far asweknow,theexplicit formulais obtainedin thecase
sl(n) only (n = 2 in [2], n ~ 2 in [14]). Thehypotheticalformula(0.1) allowsusto

hopefor a formulafor R of the following kind. Let w
0 = s,,~2 .s~ bethereduced

expression.Then(0.1) gives

(0.2) R= AcTh~,~~2...81N,(R$N) ...Ad~(R~)R1e~t0

where Ad~(x)= ~ and R1, t0 = ~ik ‘k ® aredefinedin (2.3), (3.1) below.

It shouldbe noted that formula(0.2) and othersimilar formulasare closely related

to the orderin f A.4. introducedin section2.1 below. For applicationsof this orderto

factorizationsproblemssee[7].
We shallshowin thiswork that formulaof the type(0.2) reallyholds. Unfortunately,

weare still unableto obtain theformulaeof thetype (0.1) immediately. Therefore,we

areto usethequantumdoubleconstructionof [2], section13.

Nevertheless,thequantumWeyl groupis activelyusedthroughoutour work.

0.7. The element ~ from (0.1) hasa seriesof interestingproperties.Onecanshow
that ~ 2 liesin thecentreof a: [C]. Furthermore,onecaneasilyderive

A ((~i)2) ((u~’)
2® (u/)2) = (R2IR12)~

where R’2 = R, R21 = cr(R), ~(x ® y) = y ® x. Hence, (~)2 = e~ , where

e~ is thequantumanalogueof theCasimiroperatorintroducedin [4], section5. The

element t% plays animportantrole in constructionof the ribbon Hopf algebrasand
knotinvariants(see[13]).

0.8. Mostpartof ourpaperis relatedto R-matrix.Also wegive onesimpleapplication

of quantumWeyl group to Heckealgebrasin section4. Morepreciselywe provethat
if L(A) is a q-analogueof theadjointrepresentationof .9’ and L(A )~C L(A) is
the spaceof the zero-weightvectors,thanthequantumWeyl group actson L(A )~as

(generalised)Heckealgebra.
After preparationof this work we receivedpreprint [10] in whichP.-B.-W. basisin

U
8(.9) wasconstructedin a way similar to ours. We notethat the automorphismsT

of [10] is equalto A4_1 , up to normalization(see[171).PreviouslyA-D-E casewas

consideredin [9].
Wealsoreceivedaletterfrom A.N. Kirillow. Hecommunicatedthat inhisjoint paper

with N. Yu. Reshetikhinthe multiplicativeformulafor universalR-matrix is obtained.
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1. THE QUANTIZED UNIVERSAL ENVELOPING ALGEBRAS

1.1. Let .9’ bea simplecomplexLie algebra.We fix:
a) theCartandecomposition.9’ n~~~7~n_where n~arenilpotentsubalgebras,

.9’ is Cartansubalgebra;

b) the decompositionA = A~U A_ of the root systemcorrespondingto a); here
A~(A_)is thesetof positive(negative)roots;

c) theroot basis {C~I,. . . o~}of A~
d) theinvariantscalarproduct (,) in .9’~.
Wedenoteby W theWeyl group generatedby reflection s~: A ~—+ A —

).e5~,1�i�r.

1.2. Let Uh(.9) be Ci: [h]] -algebra generated(in h-adic sense,i.e. as an algebra
completein the h-adictopology)by {H

1, X~,XT}~.1with definingrelations

(1.1) [H1,H1] = 0, [H~,X,~] =

(1.2) [X~,X/] = 5sh(~H~)

(1.3) ~(—l)’ (~‘)~~ = 0

where = 1 — a1,,, ((ak,)) is the Cartanmatrix, (~)~= (k),k),! , (n)1! =

(l)~. . .(n)1,(n)1= ç.=jL, q~= q(non.)/2, q =

Wecanintroducethestructureof Hopf algebrain Uh(.9) if wedefinecomultiplica-
tion, conity and antipodeby

(1.4) A(H1) = H, ® I + 1 ® H1, A(X~)= x,±®e~ + e~ ® X,~

(1.5) s(H1) = r(X~)= 0

(1.6) S(H,) = —H,, S(X~)= ~

The completesubalgebrasof Uh(.9) generatedby {H1, X~}~and by {H~,X~}~
aredenotedby Uh( ~‘4) and Uh( ~‘_) respectively.

1.2.1.We shallconsideralsotheHopf algebraover C definedfor fixed q > 1 . It can

bedefinedassubalgebrain Uh(Y) generatedby {X~,q±~i}~1.
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Also, wecandefine (J9(.9) by therelations

(1.7) = q q±!~2L,q±!~Lq:

4 = q q±2,q1q~ = 1

(1.8) q~X~= q~~X~,q~,g4X7 = q~+X7q4

(1.9) [X7, ~ = q~

andby relation(1.3). Comultiplication,counityandantipodearegivenby

(1.10) A(q_q®q,A(X~)=X~Øq~+q4®X~

(1.11) e (q~~) = 1, e(X~)= 0

(1.12) S(q~3)= qt, S(Xt) = ~

In our considerationsthe HopfalgebraU
9(.9) playsa subordinaterole. We introduce

it primarily, toshowthatsomeresultson quantumWeyl grouparevalid for fixed q> 1
(thelatterconditioncanberelaxed).

1.3. Let usremindtheschemeforconstructionof universalR-matrix for algebraU4(.9)

([2], section13). First oneconstructsthe so-calledquantumdouble ~(Uh( ~‘+)) of
Hopf albgera Uh( ~ As linearspace,~ (Uh(g’4.)) is Uh( ~‘~) ® U~(~ to

beprecise,theformer is somecompletionof the latter). The Hopfalgebrastructurein
~ (U~(~‘+)) is uniquelydefinedby following conditions:

a) theembeddingUh( ~‘+) ~ ~ (Uh(~‘+)) is Hopfalgebrahomomorphism;

b) theembeddingUh( ~) * c~.~ (Uh( g’~))is algebrahomomorphismandcoal-

gebraantihomorphism;
c) thecanonicalelementR E ~(Uh( ~‘+)) ® ~ (U~(g~~))*definesquasi than-

gularHopfalgebrastructurein ~ (Uh( ~‘~)) i.e. F?~satisfiesthefollowing equations

(1.13) A’(a) = ~A(a)k’, a

(1.14) (A ® id~(!~)= ~13~23 (id® A)(R) = ~13~12

where A’= a0A, a(x®y) = ~ R’
2 = R®1 andsoon.Thenoneproves

thatthereexistsa HopfalgebraisomorphismUh( ~‘+) ° ~ Uh( ~) ,whereA° is Hopf
algebra A with oppositecomultiplication: AAO = A~. Hence,thereexists a Hopf
algebraepimorphismir: ~(U~(~) —~ Uh(.9) and R= (7r®71)(R) definesquasi

triangularHopfalgebrastructurein Uh(.9).
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1.4. Let M betherigid quasitensorcategory(see[12])consistingof finite dimensional

representationsp of U9(.9) suchthat the spectrumof the endomorphismsp (q !4~.)
consistsofpositivenumbersonly. TheHopfalgebrathat consistsof matrix elementsof
representationsof the category M is denotedby C [C]9 andis calledthe algebraof

regularfunctionson the quantumgroup C.

1.4.1. EXAMPLE. We fix the vertex i of Dynkin diagramof theLie algebra .9’ and
denoteby LT~.(81(2)) thesubalgebraof U9(.9) generatedby X~,q~

4.’.

The correspondingalgebraof regularfunctionson quantumgroup SL
2( C) is de-

notedby a: [SL2( C)]~. It is a *-Hopf algebra,as it isof the type a: [C]9 (see[20],
[18]). Its irreducible *-representationsaredescribedin [161.

1.4.2.WerecallthedefinitionofquantumWeylgroup([15]). In [16], section4,thequan-
tizedelementw~’~is certainGelfand-Naimark-Segalstateonthe *-algebra a: [SL2

(C)]9 (see[16], section4.2). Let cp. : U9.(sl(2)) —, U9(.9) be theembeddingof
Hopf algebrasand let ~ : C[C]9 —, 02[SL2 ( C) ]~bethe correspondingepimor-

phismof quantizedalgebrasof functions. Let s, E W correspondsto i-vertex of

Dynkin diagram.Thequantizedsimplereflection ~, ~ a: [C] is definedby

(1.15) (f) = ~ (w~(f))

(see[15]).

1.4.3. THEOREM. ([15]) Let i f j andlet rn,5 bethe orderofthe element.s,s~in the

usualWeylgroup. Then ... = ... (m15 factorsinbothsides). •

1.4.4. REMARK. Onecanconsiderthe rigid quasi tensorcategory,isomorphicto M,
generatedby indecomposablefinite dimensionalUh(.

9) -modules (see[4], section4).

It allows us to defineelements~, E h, a:[C] similar to ~,. Here h, a: [C]~ is an

Hopf algebraover C [h] I constructedas a: [C];. Everywherebelowwe work with
Uh(.9) anddenote~, as ~. Theresultsofthesections1.4.8,1.4.10,2.2and2.4.2hold
for fixed q> 1 also.

1.4.5.WeintroducethenewgeneratorsE, = X,~q4’,F, = X~q~’in U~(.9).

1.4.6.PROPOSmON.([2]) The universal R-matrix for Uh(sl( 2)~)is

R,= (~(1_~~2)nEn®Fn)q9~i
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_j~2

1.4.7.pRoposmoN.([2])([15], [6], [17]) Let~ = ~ Then

a) A(~~)= R(~®.~)

b) e(~)= 1

c) S(~)= (~)~~ 22iE~q~js(F~

d) ~ 2 = e ~, where e is the quantum analogueof Casimir elementof

Uh( 31(2),) (see[4], section4).

1.4.8. PROPOSITION.([16]) Wehavein C32[C]Z : = _q~iF,,~ =

—E,q”.

1.4.9. REMARK. Theproposition 1.4.6 - 1.4.8 allow us to definethe minimal Hopf

subalgebraUh(.9) C C [G]~ which contains ~jh(~

9) and elements ~ l~ For

.9’= st(2), this is donein [16], [6] and thegeneralcaseis consideredin [15]. This

Uh(a) is calledthequantumWeyl group.

1.4.10. Let A beanHopfalgebrawith comultiplicationA andantipodeS. Wedefine

the A ® A-module structureby

(1.16) (a®~’).x=azS(~’)

(see[4]). The adjointactionof A in A isdefinedbyad~(x)= A(a) . x. Let A° be
theHopfalgebrawhich coincideswith A as algebraandhasoppositecomultiplication
A’. Weset ad’,,( x) = A’(a) . x andobtainanotheradjointactionof A in A, A° being

A asalgebra.Below weusethesenotationsin thecaseA =

PRoposmoN.For I ~“ j:

(1.17) = c,~(q)ad~”(E,.)

(1.18) = c~(q)(ad~,,,.)(ad~)—a•,(F)

where

(—1)°” (3_2e~)(o~,a,)/2
c~(q)= q

.~/(_1)’¼flQ~l (~I~=o[(o~~a~)+ rn(cx,, cii) i~)

q~—q~ ± fO for+[n]
9 = q—q’ ‘ ~ ii for—
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Let ussketchthe proofof (1.17) (the proofof (1.18) is similar). We considerthe
vectorspace

V,,=span{EJ,adE(EJ),...,ad,”(EJ)}.

It is clearthat 14, is a LT~. (sl( 2)) -module.

E1 beingthelowest weightvectorand ad” ( E,) beingthehighestweightvector,

wehavea4( E,) = c~,(q)ad’s (E,) (see[16], section4). In orderto computec~,(q)

weuseproposition1.4.7 andobtain

a4(E5) = A(~).E, = (R~’.(.~‘E(W)—’))(Rio 1)

HenceR,• (a4(E1)) = (~E,(~)_1) (R~1) and to completetheproof it suffices
to usethefollowing two equalities

R,~1= ~

E~ad’~(E1)= q”~i~ad’~(E5)E,.

1.4.11. REMARK. If .9’ = al(n) , then the automorphismx ~— S1xS~’and the auto-
morphism~fl,’in [9] coindide(see[17]).

2.THE ROOT VECTORS OF Uh(.
9)

2.1. Let ti,

0 ~ W be the elementof maximal length and let w0 = a,, . . . beany

reducedexpression.Then, we set tii~= ~, . . . s, and note that tii~ doesnot depend

on the choiceof reducedexpressiondue to 1.4.3. Let us considerthe following set of
roots

= {a1, a,, a,2,..
3$j ;N-1 a,N }

It is well known (see,forexample,proposition17 andcorollary 2 or ([1]) that ~ = A~.
Theset ~ canbeorderedfrom right to left. We introducein A,~theinducedorder.Let

a = . . .8 a . We defineroot vectorsby induction:
11 %p_, ~

(2.1) = T~, . . .T~(E,), FQ = ~r,. . .T~(F~)

where T
5(z) = ~z(~)’ .

Onecanprovethat thedefinition(2.1) is correct(asin [8] onereducesto thecaseof
rank2 group).
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2.2.1.REMARK. Thespecialchoiceof the reducedexpressionfor w0 allowsus to sim-

plify theright-handside in (2.2) (see[5] for thecase.9= si(n) and [8] for theA-D-E

case).

2.3. Let a : [1, N] —. A~,be theorder describedin 2.1. We havethe following

Poincaré-Birkhoff-W’itt theorem.

2.3.1.THEOREM. The setofmonomials

~ kN k, rn1 rrnl
1~~ai(N)~Cbo(1)Th“~“iJrn.,k.EZ,

forma basisof Uh( ~‘+) andthesetofmonomials

~ ~ ,,k, urn, urn, j~eN ~.ii 1
LJ~(I)JLI . . . AL,. L ~,(N) . . . L cx(1)Jrn.k.L.EZ

folmabasisofUh(.9).

2.3.2.REMARK. Theanalogueof theorem2.3.1holdsfor U9(.9) . Onehastosubstitute

q~ for H, andto allow m, E Z.

2.4. Here we statesomeresutisaboutaction of comültiplicationon root vectors. We

restrictourselvesthethecase ~~h( ~‘,).

WenotethatA(E1) = E,® 1+ q’
t~®E, and,duetol.4.7,that

(2.3) A(~,)= 1(~®~)

where

- ~ ~

Forevery a = a,, . . . s,~_,a,, weset

11,2, = T~,.. . T~ (11,), k~= 11,,

theproductbeingtakenaccordingto ourorder.
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2.4.1.PROPOSmON.LetHp correspondtotheroot [3 underthecanonicalisomorphism
~

Then

(2.4) A(E~) = 11~(E~® I + q1~® E~)”11>~.

Theprooffollowsfrom (2.3) anddefinitions. .

2.4.2. Let Uh(n+)~k) be the subspaceof Uh(n+) with basis {E’
11

Onecanprovethefollowing theoremby meansof(2.2) and (2.4.1).

THEOREM, a) A ( E~)— (E~® I + ~ ® En)” E Uh(1~+)~® Uh( ~‘+)

b) Uh(n+)fl isasubalgebraofU~(n~);

c) A (Uh(n+)p) C U~(fl+)fl®U~(~’+). •

2.4.3. In the case.9= sl(n) theorem2.4.2 wasprovedin [14].

3. THE ALGEBRA CJh( fl~~)* AND THE QUANTUM R-matrix.

3.1. Letusintroducethelinearforms~ C A.1. ,definedby: e,(H1) = 1,
zero onothermonomials; t~(Ea) = 1 , zeroon othermonomials,andlet i~, ,~,,. It
is easyto provethefollowing

PROPOSITION,a) [c,,‘~]= —~ ~

b)’[~1,~5]=0

c) ad.~°’(,11)= 0, i~’j

d) A(4~,)= ~,® I + 1 ®e,,A(I7,) ~1,® 1 + e’”~’~’ ® ~,.

ThispropositionyieldstheHopfalgebraisomorphismUh( ~‘÷) °ZU~(~ suchthat

i—’ (1 — q7
2)F,, exp (~=I(a~,ak)ek) ~ qHi.

3.2. PROPOSITION. For any K
1, Ps.,K, P~C Z+(ti~,1 . . . KN . . .

E~I)H~. . . H~”~)= fl~ ~ fl~~k5,k; fl~1(p,)!, fJ~( K5)9_2 !

whereq~= q~f
1.
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.Pniof Weusetheinductionand2.2, 2.4.1,2.4.2: at everystep,theonly thing to do

is thepairingwith

(En® l+q”~®E~)”.
U

3.3. Let 1 be the isomorphismin 3.1. Propositions3.1, 3.2 give cI(,~,)= (1 —

q~2)F,
2,.Thys,recollecting1.3, weobtain

R= > (rni! .. .rn,.!(k1)9~! .. .(k,~)9~,) x
kjEz+

(3.1) X E~N). . . E~l)Hr’ . . .

~ ( kN k, cm, e~vi, —

~j?a(N) .. . .. . (~1 .. —

= CXp9-2 ((1 —q
2)E,,®F

0))q~
~E8+

where t0 = ® 4, {I,,}~ is the orthonormalbasisin 9~and expt(E) =

r~~’q~= q~.

3.4. Let i% = q
4 ~-‘ ~ Our resultsgive thefollowing (cf. (0.1):

(3.2) A(i%) = R’(1Zi~L,®ü4)

For .9’ = sl( n) , (3.2) wasprovedin [17]. It seemsvery interestingto find the proof

withoutusingtheexplicit formulafor R-matrix , sincewewereableto derive(3.1) from

(3.2).
For s1(n) formula(3.1) wasprovedin [14].

4. RELATION WITH HECKE ALGEBRAS

4.1. Werecall thedefinition of anHecke algebra(see[1]). Let q E C andlet .9’ be

a simply-lacedLie algebrasuchthat (a,,a,) = 2 , for every I. An Heckealgebra

H
9( W) is anassociativeunital algebraover a: generatedby {T~}1= 1 anddefining

relations

(4.1) T,TJT,... = TJT,TJ ... (rn,, factors in both sides)

(4.2) (T~—q
2)(T,+1) =0



SOME APPLICATIONS OF THE QUANTUM WEYL GROUPS 253

where rn,~is definedin theorem1.4.3.

4.2. Let L(A) beafinite-dimensionalUh( .9)-module(see[4]) with thehighestweight

A suchthat A ( H,) = amax(H,) , where amax is themaximal root. ThereforeL( A)
is the quantumanalogueof the adjoint representationof .9’. Set L(A)0 = {z C

L(A)Iax=0 foreveryac2~J.

4.2.1.THEOREM.For every I C [1, r] , we haye
a) ~, (L(A)0) C L(A)~;
~ ~_ —2’,,’— 1’ —~ —

/ — q, .‘~ / L(A), — ,q1 — q 2

Proof (1). The first statementis evident.To proveb) we fix I C [1, r] and con-

sider L(A) as Uh(sl(
2)I) module. It is well knownthat L(A) ~kV~’~, where

every ~ is a <<quantumdeformation>>of the simple 31(2)-module ~ suchthat
dim V~0< 3 (actually,this is truein thecase q = 1).

Thereforewe canusethe resultsof [161,whereeigenvaluesof 3, werecomputedfor
anysimple Uh(sl( 2),)-module and finish theproof.

43. We concludethat thequantumWeyl group actson L(A )~as <<generalizedHecke

algebra>>(we remind that in a generalcaseq, ~ q
5 for I ~ j). Therefore,if .9’ is a

simply-lacedLie algebra(suchas in 4.1), thenthe correspondingquantumWeyl group

actsin L(A)0 as Heckealgebra H9( W), q = e~. This result is closely relatedto
section1 of the paper[91by G. Lusztig. Thus onecanprovethat the automorphisms

L(A) L(A) from [9] coincidewith 3, : L(A) —. L(A) and wereconstruct

theresultof [11], section 1,by meansof theorem4.2.
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